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In this paper, the influence of disorder on 1D periodic lattice of resonant scatterers is inspected. These latter have multiple resonance frequencies which produce band gaps in the transmission spectrum. One peculiarity of the presented system is that it is chosen with a nearly perfect overlap between the Bragg and the second hybridization band gaps. In the case of a perfectly ordered lattice, and around this overlap, this produces a narrow transparency band within a large second bandgap. As expected, the effect of the disorder is generally to increase the width of the band gaps. Nevertheless, the transparency band appears to be robust with respect to an increase in the disorder.
In this paper, we study this effect by means of experimental investigations and numerical simulations. Phononic crystals have experienced an increasing interest in recent years because of their potential applications to acoustic filters, 1 the control of vibration isolation, 2 noise suppression, and the possibility of building new transducers; 3 for a review, see Ref. 4 . It is thus of interest to understand which properties of such structures are sensitive to inherent imperfections in their design and which are not. Besides, one can also address the question of whether or not the disorder can make new interesting properties appear.
It is usual to characterize a random medium in terms of an effective-homogeneous-medium. For random perturbation of homogeneous free space, one finds that the dispersion relation KðxÞ departs from the dispersion relation kðxÞ in free space without disorder, and the imaginary part of the effective wavenumber K indicates how much the opacity due to disorder is important. 5 In the case of photonic or phononic crystals, the band structure of the unperturbed medium is more complicated, with the wavenumber Q of the Bloch Floquet mode being either purely real (pass band) or complex (stop band). The addition of disorder modifies the band structures of these periodic-on-average systems, [6] [7] [8] [9] [10] [11] [12] and generally, produces an increase in the band gap width. 13 Among periodic media, the case of periodic arrays of resonant scatterers is very attractive since the resonances inherent to the individual scatterers produce strong modifications of the wave propagation; these modifications in the wave properties may help in the design of materials with unusual properties. Such arrays present band gaps around the resonance frequencies of an individual scatterer. Because the scatterers are periodically located, Bragg resonances are also produced, resulting in a complex band gap structure.
Overlapping two types of gaps, a resonant scatterer gap and a Bragg gap have been shown to produce interesting phenomena (see Ref. 14 in optics and Ref. 15 in acoustics). In the case of exact overlap, a super wide and strongly attenuating band gap is predicted theoretically and shown experimentally (firstly studied in acoustics, 16, 17 for elastic waves, 18 and for microwave propagation 19 ). When the overlap is not exact (the frequencies characterizing the different gaps are not equal) and with a small detuning, a narrow propagating band appears characterizing a slow wave feature. In recent years, this phenomenon, studied in different branches of physics, has known a revival of interest for sound isolation and slow wave application (see Ref. 20 for a review).
In this paper, we consider the propagation of an acoustic wave in a periodic array of Helmholtz resonators connected to a duct in the plane wave regime (low frequency regime with one propagating mode in the duct). The corresponding model describes the 1D propagation of the pressure field p(x) through resonant point scatterers (Kronig-Penney system) 21, 22 
where k ¼ x=c 0 (the time dependence e Àixt is omitted, x is the angular frequency, and c 0 the sound velocity in free space). d is the periodicity of the array and V j ðkÞ encapsulates the effect of the jth resonator. The disorder is introduced by varying the volume of the Helmholtz resonators and thus V j . When an overlap between a Bragg gap and a resonant band gap is produced, a narrow transparency band appears within the resulting large band gap. Unexpectedly, we found that this transparency band is robust with respect to the disorder. Indeed, first, for small disorder, the transmission decreases; but increasing the disorder further induces an increase in the transmission. We have carried out experiments whose results show qualitatively this behavior. To get further information, with a broader range of the disorder parameter, numerical calculations are shown, and they confirm the transparency induced by disorder. The paper is organized as follows: in Sec. II, the 1D model and the Coherent Potential Approximation (CPA) results for the randomly perturbed system are discussed. At low frequencies, when only one mode can propagate in the duct, the propagation of acoustic waves in an array of Helmholtz resonators periodically located with spacing d (Fig. 1) can be described by Eq. (1). The potential V j ðkÞ describing the effect of the jth resonator is (details are given in Appendix A)
with a ¼ Sk c =ðsk n Þ, where S w ; S and s are the areas of the main waveguide of the cavity and the neck, respectively. ' and L j denote the lengths of the neck and of the cavity of the jth resonator, respectively (see Fig. 1 (b)). The wavenumbers are k m ¼ k½1 þ bd=R m , with m ¼ w, c, n (waveguide, cavity, and neck respectively) and R m the corresponding radius, with
where Pr is the Prandtl number at atmospheric pressure and c ¼ 1.4 is the heat capacity ratio of air. d ¼ ffiffiffiffiffiffiffiffi ffi =x p is the viscous boundary layer depth ( the kinematic viscosity of air). The term proportional to b in the wavenumber k is a good model for the viscous and thermal attenuation of sound in the duct. We notice that with s ( S w , the strength of the Helmholtz scatterer is small except at resonances.
Setting L as the cavity length of the ordered case, approximating k n and k c by k, and thus omitting the attenuation, these cavity resonances correspond to a vanishing term DðkÞ cos k' cos kL Àa sin k' sin kL, and they are of two types: (i) the typical Helmholtz resonance occurring at low frequency, say for k' ! 0 close to k H ¼ 1= ffiffiffiffiffiffiffi ffi a'L p and (ii) the resonances in the cavity (hereafter referred as volume resonances), near kL ¼ qp with integer q. For instance, for
For a single resonator, these resonances produce a vanishing transmission. When the resonators are organized in a perfectly periodic array, band gaps are created around the resonance frequencies, according to Bloch Floquet wavenumber Q becoming purely imaginary, Q being given by
where V V j ðL j ¼ LÞ. When disorder is introduced in the volume cavity by changing the length L j of the jth cavity, L j ¼ Lð1 þ j Þ with L the mean value of the cavity length and j 2 ½À=2; =2, it is possible to predict the new Bloch Floquet wavenumber K using the CPA approach 12 (see Appendix B for details)
where h : i denotes the ensemble average for all realizations of the f j g j -values. For a lattice of N cells, the resulting transmission coefficient is
where we have written pðx ! NdÞ ¼ T N e ikðxÀNdÞ (the incident wave is e ikx ) and with
Obviously, the above results obtained from CPA recover the perfectly periodic case when ¼ 0.
In the following, we present the experimental set-up to realize the lattice of Helmholtz resonators. Comparisons between the measured transmission and the above CPA result, Eq. (6), are presented.
III. EXPERIMENTAL RESULTS

A. Experimental set-up
The experimental set-up ( inner area S ¼ 1.4 Â 10 À3 m 2 and a maximum length L max ¼ 16.5 cm, see Fig. 1(b) .
The sound source is connected to the input of the main tube. The source is embedded in an impedance sensor, 24 allowing the measurement of the input impedance of the lattice Z, defined as the ratio of the acoustic pressure p and the acoustic flow u (the product of the velocity by the area cross section) at the entrance of the lattice, as described in Refs. 20 and 25. This permits determination of the reflection coefficient
where the index þ and À denote the parts of the quantity associated with right-and left-going waves
At the output, an anechoic termination made of a 10 m long waveguide partially filled with porous plastic foam suppresses the back-propagating waves. This ensures the output impedance to be close to the characteristic impedance Z w ¼ qc=S w . Finally, a microphone is used to measure the pressure p e at the end of the lattice.
Using line matrix theory, (p, u) and (p e , u e ) are linked by the transfer matrix through
with p ¼ Zu (Z being measured) and u e ¼ p e =Z w (the acoustic flow is deduced from p e because of the anechoic termination). Then, the transmission coefficient
where Z t ½C þ D=Z w À1 is deduced from the measured ðp e ; uÞ-values.
When considered, the disorder in the lattice is introduced through the variable lengths L j , j ¼ 0, …, N of the cavities, and L j ¼ Lð1 þ j Þ is used with a normal distribution of j being chosen for each realization and for each resonator cavity, with j 2 ½À=2; =2, resulting in a variable scattering strength, V j in Eq. (2). The transmission coefficients are measured for 10 different distributions with same standard deviation, and the mean value hTi is taken.
B. Experimental observations
The transmission coefficient T in the perfect periodic case is presented in Fig. 2 for a cavity 15 Finally, the band gap labeled c is associated with the Bragg resonance, for kd=p 2 ½1; 1:03, (frequency range [1700; 1800] Hz). This band structure has been described in detail, including non linear aspects, in Refs. 21-23. The comparison between the experimental result (blue line) and the analytical expression (red line), Eq. (6), shows a good agreement. The discrepancy in the low frequency regime may be attributable to the bad quality of the source in this frequency range.
Finally, the strong peaks appearing in the experimental measurements are due to the imperfection in the anechoic termination, resulting in interferences between forward and backward waves in the main tube. stop band near kd ¼ p, a feature already observed in other systems where such overlapping is realized. 16, 17, 20 This feature, in addition to the main behavior of T, is accurately captured by our analytical expression, Eq. (6), in the perfectly periodic case, thus with constant unperturbed potential V (and K ¼ Q).
We now consider several amplitudes of disorder in the scattering strength of the resonators with a mean value of the cavity length L ¼ 0.1 m, as previously described. The measured transmission coefficients jhTij are reported in Figs. As expected, the more visible effects of the disorder are (i) to strengthen the opacity in the pass band and (ii) to enlarge the band gap width. This is associated with the fact that the wavenumber K of the effective Bloch mode acquires an imaginary part due to the disorder (in addition to the attenuation) in the pass bands of the perfectly ordered case. In counterpart, in the stop bands of the perfectly ordered case, the imaginary part of the wavenumber decreases, resulting in an increase in the transmission. 6 In the second stop band, an interesting behavior can be noticed, although very qualitative at this stage: inside the second band gap, around kd/p ¼ 1, the small transparency band remains visible (marked by arrow in Figs. 3(b)-3(d) ), since we observe a peak of transmission robust to disorder. This trend is confirmed by the analytical model (red curves on Fig. 3) .
In Sec. IV, we use numerical calculations to get further insights on this induced transparency near kd/p ¼ 1.
IV. NUMERICAL INTERPRETATION OF THE INDUCED TRANSPARENCY
We now present results from numerical experiments of the propagation in the array of Helmholtz resonators. This is done by solving Eq. (1), with various V j values. The disorder is introduced by using L j ¼ Lð1 þ j Þ in Eq. (2). To calculate p(x), we implement a method based on the impedance, as described in Ref. 9 . For each frequency, N r ¼ 10 4 realizations of the disorder with same amplitude are performed. The effective transmission hTi is calculated by averaging the transmission coefficients hTi ¼ 1=N r P T r , where the T r is the transmission coefficient for each realization.
The main result is presented in Fig. 4 . In Fig. 4(a) , jhTij is shown in a 2D plot as a function of kd=p 2 ½0:7; 1:3 (around the Bragg frequency) and 2 ½0; 0:3. Fig. 4(b) shows several transmission curves for given -values ð ¼ 0:08; 0:1; 0:18; 0:3Þ computed numerically. We have verified that the number of realizations is sufficient to get a converged average value of transmission. Fig. 4(c) presents averaged transmission data for the same -values obtained by analytical CPA method (in this case, the average of V (Eq. (2)) obtained with a number of realizations N r ¼ 10 7 ). The transparency robust to disorder is quantitatively confirmed: For the largest values of disorder, results from the full numerical simulation and analytical CPA method show clearly that the transmission near kd=p ¼ 1 increases with the disorder.
V. DISCUSSION
The robustness of transparency to disorder could appear counterintuitive with regards to the usual influence of disorder in wave propagation. Indeed, on average, the presence of disorder is known to be unfavorable for the wave propagation and to decrease the transmission. In this study, the robustness of transparency is the result of the mixing of two different physical phenomena: (1) the non-exact overlap of the Bragg and hybridization band gaps which generates, in the periodic case, a narrow passband located inside a band gap and (2) the presence of disorder on potential which prevents the wave propagation inside the media.
In the periodic case, one of the edges of the narrow transparency band due to overlap is located at kd=p ¼ 1 which corresponds to the Bragg frequency. 16, 20 With disorder, the physical understanding of the band gap modification in case of overlap remains currently an open question. It appears that the lower edge of the transparency band is the least affected by the disorder. Indeed, in Fig. 4 , we observe that the transparency band disappears except in the vicinity of its lower edge near kd=p ¼ 1 À . Moreover, the transmission in this region increases with the disorder strength.
VI. CONCLUSION
In this paper, we report an experimental and numerical characterizations of a periodic-on-average disordered system. The usual widening of the band gaps of disordered arrays is observed. On the other hand, when nearly perfect overlap between the Bragg and the scatterer resonance frequencies is realized, evidence of robust transparency has been shown. We consider a small control volume in the tube (grey part in Fig. 5 ). Since the wavelength is much larger than the control volume, we have continuity of the pressure
To obtain the value of ½p 0 (and p 0 ¼ @ x p), we get, by continuity of the flux
and we have to find @ y p C as a function of p, at the point C.
The wave equation inside the cavity with hard walls implies that
where L is the length of the cavity (Fig. 5) . Then, conservation of the pressure and flow rate between points A and B give
The wave propagation inside the neck gives (by transfer matrix for instance)
Eventually, Eq. (A1) becomes
and the wave equation in the waveguide can be written as 
from ½12
After Eq: ½12ð1Þ;Ṽ j ¼Ṽ ð1 þ n j Þ; with hn j i ¼ 0; Eqs: ½12ð14Þ; cosQd ¼ cos kd þṼ sin kd; for all V j ¼ hṼ j i; Eq: ½12ð20Þ;
cos Kd ¼ cosQd þ Oðn 2 Þ:
In the third equation of (B1), n 2 hn 2 n i=12, and we have used in Eq. (20) 
Next, we show the correspondences between the potentials V in Eq. (1) andṼ in Eq. [12] (1) and the average values of the potential: 2kṼ j ¼ V j , from which 2kṼ ¼ hVi and 2kVn n ¼ dV n . The above equations (B1) and (B2) become 
and Eq. (B2) remains unchanged. The third equation of (B3) and Eq. (B2) correspond to Eqs. (5)- (7) in the text of the paper.
As a final remark, note thatQ in the second equation of Eq. (B3) differs from Q defined in Eq. (4). Indeed,Q is the Floquet wavenumber of a periodic array with all the scatterers having the average scattering strength hVi, while Q is the Floquet wavenumber wavenumber of the periodic array with all the scatterers having the scattering strength with L j ¼ L (and VðL j ¼ LÞ 6 ¼ hVi).
